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ABSTRACT. In a graph G = (V, E), aset S C V is an efficient dominat-
ing set if every vertex of GG is dominated exactly once by the vertices of
S. As a generalization of this concept, k-efficient domination is intro-
duced. A set S is a k-efficient dominating set if there is a partition of V'
which is a collection of i-neighbourhoods of vertices of S, where i’s vary
between 0 and k. The minimum cardinality of a k- efficient dominating
set is the k-efficient domination number of G, denoted by €x(G). In this
paper, some bounds on € (G) and exact values of €1 (G) are obtained for
products of paths and cycles.
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1. INTRODUCTION

Throughout G = (V, E) is a connected graph with no loops, no parallel
edges. In a graph G, the open neighbourhood of a vertex v is the set
N(@w) ={u € V : ww € E}. The closed neighbourhood of v € V is the
set N[v] = N(v) U {v}. For any S C V, the open neighbourhood of S is
N(S) = UgesN(x) and the closed neighbourhood of S is N[S] = UgzesN|[z].
For any integer k, the closed k-neighbourhood of a vertex v € V' is Ni[v] =
{w € V : d(v,w) < k} and the open k-neighbourhood of a vertex v is
Ni(v) = Nglv] — {v}. The degree of a vertex v, denoted by deg(v) is the
cardinality of N(v). Further, §(G) = min{deg(v)|lv € V} and A(G) =
maxz{deg(v)|v € V}. For an integer k > 1, the k-degree of a vertex v in
G is the cardinality of Ng(v), denoted by degr(v). The minimum k-degree
of G is §x(G) = min{degr(v)|v € V} and the maximum k-degree of G is
Ak(G) = mazx{degi(v)|v € V}. The terms not defined here may be found
in [3, 10].

A set S C V is called an independent set if no two vertices in S are
adjacent. A set D C V is called a dominating set if every vertex in G is in D
or adjacent to a vertex in D. The domination number v(G) is the minimum
cardinality of a dominating set in G. More details on domination related
parameters can be found in [1, 6]. The concept of perfect d-dominating sets
[2] was first introduced by Biggs. Later in 1988, Bange et al. defined efficient
dominating sets [1], which is same as the class of perfect 1-dominating sets. A
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dominating set S is an efficient dominating set if for allv € V', [N[v]NS| = 1.
More results on efficient domination can be found in [5, 7, 8].

As a generalization of efficient domination, k-efficient domination was
introduced by using partitions of V. For a positive integer k, a graph G is
said to be k-efficient[4] if there is a set S = {v1,v9,...,v:} C V for which
7w = {Ng[v1], Ng[va], ..., Ni[ve]} is a partition of V. The set S is called as
an exact k-efficient dominating set of G.

For a given positive integer k, every graph need not be k-efficient. For ex-
ample, the graph C7 is neither 1-efficient, nor 2-efficient. However for a given
integer k, a partition of V can be obtained by considering i-neighbourhood
of some vertices of G where 0 < i < k.

Definition 1.1. [4] A partition 7 = {N;, [v1], Niy[val, ..., Ny [ve]} of V is
called a k-efficient partition if 0 < i; < k for all j = 1,2,...,t. The
vertices v1,vs,...,v: are called the essential vertices of the partition w and
S ={v1,v9,...,v} is called a k-efficient dominating set in G.

For any positive integer k, the k-efficient domination number of G is the
minimum cardinality of a k-efficient dominating set of G, denoted by €, (G).

Observations 1.2. For any graph G, e1(G) > ~(G).

In [4], some bounds for €;(G) in terms of order and degree are obtained.
The exact values of e;x(G) for some particular graphs like PP, PsOP,
are determined. Further, in [4] it is proved that decision problems related
to €1(Q), e2(G) are NP-complete, even when restricted to bipartite graphs.
This paper presents additional results to further develop the concept of k-
efficient partition in graphs.

2. BOUNDS ON k-EFFICIENT DOMINATION NUMBER

For any vertex v in a graph G, eccentricity e(v) is the distance from v to
a farthest vertex from v in G. Further, radius rad(G) = min{e(v) : v € V'}
and diameter diam(G) = max{e(v) : v € V'}. In this section, a bound on
k-efficient domination number is obtained in terms of the diameter of graph.

Proposition 2.1. If S is an exact k-efficient dominating set with at least
two elements in a graph G with rad(G) > k, then d(u,v) > 2k+1 for all u,v
€ S. Further, for each u € S there exists v € S such that d(u,v) = 2k + 1.

Proof. Let S = {v1,v9,...,0}. Consider a shortest path P between v;
and v; for 1 < 4,5 < m, i # j. Note that Ni[v;] N Ni[v;] = 0. Consider
vertices = and y in the path P where x € Ni[v;] and y € Ni[v;] such that
d(vi, ) = d(vj,y) = k. Now,
d(vi,vj) = d(vi,x) +d(z,y) + d(y, v))
2k +d(z,y)
> 2%k + 1.
Consider any vertex u in S. Since rad(G) > k and S has at least two
elements, Ni[u] € V. Further, there exists a vertex w € Ni[u] and a

vertex € V\Ng[u] such that d(u,w) = k and d(w,z) = 1. Since S is
exact k-efficient dominating set, © € Ni[v] for some v € S. If d(v,z) < k
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then d(v,w) < d(v,z) + d(z,w) < (k—1)+1 = k. This implies w €
Ni[v] N Ng[u] = 0, a contradiction. Therefore d(v,x) = k. Hence d(u,v) =
d(u, w) + d(w,z) + d(xz,v) = 2k + 1. O

Theorem 2.2. If m = {N;,[v1],..., Nj[v]} is a k-efficient partition of V,
then deg;, (v1) + deg;, (v2) + - - - + deg;, (v;) =n — L.

Proof. Since 7 is k-efficient partition of V/,

1 l l
n=|UNiloll =Y ING ol = D[N (05) U {us}]
j=1 j=1

=1

! l
Z ’Nij(vj” +Zl
j=1 j=1

!
Z deg; (vj) +1
j=1
g

Theorem 2.3. If m = {N; [v1], Niy[va] ..., Ny, [ui]} is a k-efficient partition

of V, then
l

diam(G) < " 2ij+1—1.

Proof. Note that for any u,v € Ny, [v;], d(u,v) < d(u,v;) + d(vj,v) < 2ij.
Let x and y be any two vertices in V' and P be the shortest path between
x and y. Since 7 is partition of V, it follows that P N Ny [v;] # 0 for
at least one j € {1,2,...,n}. Without loss of generality (if necessary,
then with suitable relabeling of v1,va,...,v,) assume that P N N;;[v;] #
(b, where j = 1,2,...,t for some ¢t < [. Since P is the shortest path
and 7 is partition of V', the vertices of the path may be considered as

T =T11,%12, -5 Tlmyy T21, T2« - - s L2mgy - - -  Ttl, Ti2, - - - Ty, = Yy 10 order,
where x5 € N, [v,] and 1 <7r <t,1 < s <m,. Now,
d(z,y) = d(xn, Timy) + A(T1my, 21) + d(@21, Tomy) + - - - + d(@41, Tom,)
t—1
= Zd Tpl; Lpmy, +Zd Tpmys L (p+1)1)
p=1 p=1
t t—1
< Yy
= 221] (t—1)
< Zm] +(—1).

i+ 11— 1. O

M-

Since z,y are arbitrary, it follows that diam(G) <
1

J
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In Theorem 2.3, by replacing number of essential vertices by ex(G), we
get the following result.

Corollary 2.4. Ifm = {N;,[v1], Ni,[va], . .., Ny, [v]} be a k-efficient partition
of V, then

diam(G) < e (G) — 1+ 2i;.

Corollary 2.5. For a connected non-trivial graph G,

o [y

Proof. Follows by the fact that i; < k Vj in Corollary 2.4. (]

3. k-EFFICIENT DOMINATION NUMBER OF CYLINDRICAL GRID GRAPHS

For any two graphs G and H, the Cartesian product GOH is the graph
with vertex set V/(G)x V(H) and edge set E(GOH ) such that (u1,v1)(u2, v2)
€ FE(GOH), whenever v; = vg and ujus € E(G), or u; = ug and vivy €
E(H). If uy,ug,...,un, are the vertices of P, and wi,ws,...,w, are the
vertices of Cy,, then the vertex (u;, w;) of P, [0C), is represented by v; j where
1<i<m,1<j < n. The vertices v; 1, v;2, ..., v;n are considered as ith
row vertices, whereas the vertices v1 j, v2j, ..., Um, j are considered as Gth
column vertices of P,,[1C),.

Proposition 3.1. For the graph PoLIC,,, there exists an efficient dominating
set if and only if n is a multiple of 4.

Proof. Suppose S = {01,i,,V1,ip, -+ Vliss U215 V2,jgs - - - s V2.5, } 18 an efficient
dominating set in Po0JC),. Let vy, ,v1, s € S. Without loss of generality as-
sume that 1 < i, < ig < n. Since S is an efficient dominating set, ig—i, > 3.
Assume ig —iq = 3. Then N[vi;,] = {V1 (ia—1) V1,ias V1,(in+1) V2,0 } and
Nlvi,] = {/U],(igfl)ﬂvl,iﬁ?”l,(i5+1)7v2,iﬁ}' Further, for any vertex vy € S,
Nlvae] N Nvyi,] = 0 and N[vg] N Nlvy;,] = 0. Therefore either t < i, — 1
or t > ig+ 1. Then vy (i, 41y, V2,(ia+2) & N[z] for any € S. This con-
tradicts that the set S is an efficient dominating set. Thus we must have
ig — o > 4. Therefore for any two vertices x,y € S lying in the same copy
of Cp, d(z,y) > 4. Let vi,,,v2:, € S be vertices such that d(vi,,va,)
is least. Then d(v1,,v2,) > 3. Otherwise, N[v1;,] N Nlva,] # 0. As-
sume d(v14,,v2,i5) > 3. Note that N[v1,] = {V1,(i0—1)s VLias V1,(ia+1)> V25ia }»
Nlvgis] = {v27(iﬁ_1), V255 V2, (i541)s v1,i, } and for any vertex vg; € S, Nvg]N
Nlvi,] = 0. Further if ¢ # ig, then Nva;] N N{vz;,] = (). Therefore either
t <io—1lort>ig+1. Then vy, 1) ¢ N[z] for any x € S, which is
a contradiction. Thus d(vy,,v2:,) = 3. Hence it follows that if x,y are
the nearest essential vertices from different copies of C,,, then d(z,y) = 3.
Now suppose v1,;, € S is arbitrary, then by the above argument, we get
S = {V1,(jatndl)» V2,(i0+n(414+2)): 1€Z}> Where +, represents addition modulo
n. This shows that vy ; € S if and only if j = i, 4, 4l for some | € Z. Note
that vy (n4,i.) = V1i, € S. Thus n is a multiple of 4.

Conversely, if n = 0(mod 4), then S = {v11,v15,v1,9, - -, V1,(n—3)> V2,3, V2,7,



On bounds and exact values of k-efficient domination number of a graph 569

V211, -+, V2, (n—1)} is an efficient dominating set in PC,,. This completes
the proof. O

Theorem 3.2. For anyn > 3,

(n+3)/2 ifnisodd
e1(POCy) = ¢ n/2 if mis a multiple of 4
(n+6)/2 otherwise.

Proof. Consider the following cases.

Case (1): n is a multiple of 4.

In [9], it has been proved that v(P,0C,) = n/2, when n is a multiple of 4.
By Observations 1.2, €1 (P.0C,) > v(P.OC,) = n/2. To prove the equality,
we need to prove that e;(P,0C),) < n/2. Let mp = {N1[v1 4i+1], N1[v2.4i+3] :
0 < i < n}. Then 7 is a l-efficient partition of V(FP.OC),) of cardinality
n/2. Thus e (POC,) < n/2.

Case (2): n is not a multiple of 4.

Let D be any minimum efficient partition set. Let r denote the number
of essential vertices with O-neighbourhood. Let D; be the set of essential
vertices lying in the first copy of C, with 1-neighbourhood and Dy be that
in the second copy of Cy,. Let |D1| = I3 and | D3| = l5. Note that each vertex
of D1 dominates 3 vertices in the first copy of C),, while each vertex of Do
dominates one vertex of the first copy of C,. Therefore,

(1) 3l + 15 <n.
By similar argument for second copy,
(2) l1 4 3l <n.

Therefore Iy + 12 < [5].

Sub-Case (i): n = 1(mod 4).

Then the partition set m; does not dominate the vertices vi,—1 and v ,,.
Hence the set m = w1 U{No[vin-1], No[van]} is a l-efficient partition of

V(P,0OC,). Thus [D| < 2. Since n is odd, [2] = 25, Now r >
2n — 4[2] = 2n — 4(%2) = 2. Suppose Iy + 1y < [Z]. Then l; + 1y =
|2] —m, for some m > 1 and r = 2n — 4(%2 — m) = 2+ 4m. Then
Dl =li+la+r =" —m+2+4m = %3 + 3m > 22 which is a
contradiction. Thus lj + l» = %51, r = 2 and hence |D| = 23

Sub-Case (ii): n = 3(mod 4).2
Then the partition set 71 is not dominating ve ,—1 and vy ,. Hence the set
mh = m U{No[van—1], No[van]} is a 1-efficient partition of V(P0C,,). As
in Sub-case (i), we get |D| = 243,

Sub-Case (iii): n = 2(mod 4). Now 73 = m2 |[J{No[vin—2], No[van-1]} is
a l-efficient partition of V(P.OC,). Thus |D| < (n+6)/2. Let n = 41 + 2.
Then § = 20 + 1 is odd. Suppose l1 + Iz = 5. Since 4(l; +l2) +r = 2n,
we get 7 = 0 and hence inequalities 1 and 2 become equations. Since 3 is
odd, without loss of generality, assume that [y > lo. Then Il = ls +m for
some m > 1. By Substituting I; = I3 +m in these equations, we get m = 0,
which is a contradiction. Thus Iy 4+ 12 < §. Then Iy + 1l = § — ¢ for some

5 -
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t > 1. Since 4(lh +l2) +7 = 4(% —t) +7r = 2n, we get r = 4t. Then
D=l +l+4t=2—t+4t=2+3t>2+3 =140
O

Remark 3.3. Examples for choosing a 1-efficient dominating sets are given
in Figure 1, Figure 2 and Figure 3.

—o

n= 1 (mod 4) n= 3 (mod4)

FIGURE 1

Lemma 3.4. For any n > 3, every I-efficient dominating set of PsJC,,
contains at least one vertex of each column.

Proof. For any i with 1 < i < n, suppose that i*" column of P;00C, has
no essential vertex. Then the vertices of i column must be dominated
by 3 distinct vertices. Then by Pigeon-Hole Principle, either (i — 1) or
(i + 1)"" column contains at least two essential vertices. Then a vertex of
either (i — 1) or (i + 1) column is dominated by two essential vertices,
which is a contradiction. O

Theorem 3.5. For any PsOC,, cylindrical grid graph €1 (Ps0C),) = n except
forn=4,7. Further e1(Ps00Cy) =5 and e1(Ps0C7) = 8.

Proof. By Lemma 3.4, €1 (PsCC,,) > n. It can be observed that 1 (Ps0C),) =
n+1forn=4,7. Forn ¢ {4, 7}, it remains to show that 1-efficient partition
of cardinality n exists.

If n = 0(mod 3), then the partition of V' given by {Ni[vi 2], Ni[vis], ...,
Ni[vin-1], No[v2,1], No[vaal, . .., Nolva,n—2], N1[v3 3], Ni[vze], ..., N1[vs ]} is
a l-efficient partition with cardinality n.

If n = 1(mod 3), then the partition of V' given by {Np[vi.1], No[v1,3],

Nilvis], Nifvig], - -, Ni[vin—s], Ni[vi,n—1], Ni[va2], No[vae], Nolvag], - - -
Nolvan—7], N1[van—3], N1[vs ], Ni[vs 7], ..., Ni[v3n—c); No[vsn—a], No[vsn_2],
Nolvs ]} is a 1-efficient partition with cardinality n.

n= 2 (mod 4) n= 0 (mod 4)

FIGURE 2 FIGURE 3
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1 1
0
/ [
1 0
0 1 1
n= 2 (mod 3)
FIGURE 4
1
1 1 0 0
| — —
0 0 1 1
1 1 1 0 0 1
n= 0(mod 3) n= 1(mod 3)
FIGURE 5

If n = 2(mod 3), then {No[v1.1], Ni[v1,4], N1[vi7], ..., Ni[vin—1], Ni[va2],
Nolva6], No[v20], - - -, Nolvan—2], No[vss], Ni[vss], Nifvss], ..., Ni[vs]} is a
1l-efficient partition with cardinality n. O

Example for 1l-efficient dominating set in (Ps0C,,) is given in Figure 4
and 5.

CONCLUSION

In this paper, some bounds on k-efficient domination number in terms of
diameter and k value are obtained. The existence of efficient dominating set
in P,00C, is discussed. Further 1-efficient domination numbers of P,1C,,
and P3JC,, are determined.

ACKNOWLEDGMENT

The first author is thankful to Mangalore University for research fellow-
ship. The authors wish to express their sincere thanks to the referees for
their careful reading of the manuscript and for the suggestions to improve
this article.

REFERENCES

[1] D. W. Bange, A. E. Barkauskas, and P. J. Slater, Efficient dominating sets in graphs,
Applications of Discrete Math. 189 (1988), 189-199.

[2] N. Biggs, Perfect codes in graphs, J. Combin. Theory Ser. B. 15.3 (1973), 289-296.

[3] G. Chartrand, Introduction to graph theory, Courier Corporation 1977.

[4] M. Chellali, T. W. Haynes, and S. T. Hedetniemi, k-efficient partitions of graphs,
Commun. Comb. Optim. 4.2 (2019), 109-122.

571



572

Kavitha N, Chandru Hegde and Karthik K

[5] T. T. Chelvam and S. Mutharasu, Efficient domination in Cartesian products of
cycles, Journal of Advanced Research in Pure Math. (2011), 42-49.
[6] T. W. Haynes, S. Hedetniemi, and P. Slater, Fundamentals of domination in graphs,
CRC Press 2013.
[7] K. R. Kumar and G. MacGillivray, Efficient domination in circulant graphs, Discrete
Math. 313.6 (2013), 767-771.
[8] M. Livingston and Q. F. Stout, Perfect dominating sets, Citeseer 1990.
[9] M. Nandi, S. Parui, and A. Adhikari, The domination numbers of cylindrical grid
graphs, Appl. Math. Comput. 217.10 (2011), 4879-4889.
[10] D. B. West, Introduction to graph theory, Vol. 2, Prentice Hall US 2001.

'DEPARTMENT OF MATHEMATICS, MANGALORE UNIVERSITY, MANGALAGANGOTHRI,
MANGALORE 574 199 INDIA.
Email address: kavithanaik16@gmail.com

2 DEPARTMENT OF MATHEMATICS, MANGALORE UNIVERSITY, MANGALAGANGOTHRI,
MANGALORE 574 199 INDIA (CORRESPONDING AUTHOR).
Email address: * chandrugh@gmail.com

SDEPARTMENT OF MATHEMATICS, MANGALORE UNIVERSITY, MANGALAGANGOTHRI,
MANGALORE 574 199 INDIA.
Email address: karthik1111820@gmail.com

'Corresponding Author



